Section 1 presents the actual mathematical context in which is placed the geometry of multiLagrange spaces developped in this paper. This is a new geometry of the 1-jet space J 1 (T, M ) naturally attached to a Kronecker h-regular Lagrangian with partial derivatives of order one. In Section 2 is introduced the notion of multiLagrange space M L
) on J 1 (T, M ), naturally induced by the Lagrangian L of the multiLagrangian space M L n p . At the same time, in Section 3 is offered a geometrical interpretation of the extremals of L. Section 4 is dedicated to the study of the important Cartan canonical connection CΓ of a multiLagrange space M L n p which allows to construct the subsequent multiLagrangian theory of physical fields [7] . The main torsion and curvature d-tensors of the Cartan canonical connection CΓ are also described in Section 4.
Introduction
A lot of geometrical models in Mechanics, Physics or Biology are based on the notion of ordinary Lagrangian. Thus, the concept of Lagrange space which generalizes that of Finsler space was introduced [4] . In order to geometrize the fundamental concept in mechanics, that of Lagrangian, we recall that a Lagrange space L n = (M, L(x.y)) is defined as a pair which consists of a real, smooth, n-dimensional manifold M and a regular Lagrangian L : T M → R, not necessarily homogenous with respect to the direction (y i ) i=1,n . The differential geometry of Lagrange spaces is now considerably developped and used in various fields to study natural process where the dependence on position, velocity or momentum is involved [4] . Also, the geometry of Lagrange spaces gives a model for both the gravitational and electromagnetic field, in a very natural blending of the geometrical structure of the space with the characteristic properties of these physical fields.
At the same time, there are many problems in Physics and Variational calculus in which time dependent Lagrangians (i. e., a smooth real function on R × T M ) are involved. A geometrization of a such time dependent Lagrangian is sketched by Miron and Anastasiei in [4] . This is called the "Rheonomic Lagrange Geometry" or "Non-autonomous Lagrange Geometry". It is remarkable that this geometry model is the house of the development of the non-autonomous Lagrangian mechanics. Note that the bundle of configuration of this mechanics is R × T M → M , see [2] , [4] .
In the last thirty years, many mathematiciens were concerned by the geometrization of a multidimensional Lagrangian depending of first order partial derivatives, which is defined on the 1-jet fibre bundle J 1 (T, M ), where T is a smooth, real, pdimensional manifold. The development of a such geometrical theory was made in two distinct ways. The first of these is described by Gotay, Isenberg and Marsden in [2] and is known today under the name of Multisimplectic Geometry. The multisimplectic geometry naturally generalizes the Hamiltonian formalism used in the classical mechanics and stands out by its finite dimensional and non metric spatial model of study J 1 (T, M ). In contrast, Michor and Ratiu [3] construct their geometrization on the infinite dimensional space of the embeddings Emb(T, M ) which is endowed with a metrical structure G.
In our paper, using the well known instruments of the Riemannian or pseudoRiemannian geometry, we create a new geometry attached to a first order Kronecker h-regular Lagrangian L. The spatial model used in our study is the same with that used of Marsden, that is, the finite dimensional 1-jet fibre bundle J 1 (T, M ). The novelty is that our spatial model will be endowed with a metrical structure, naturally induced by the Lagrangian L. The subsequent geometry that we shall developpe will be called MultiLagrangian Geometry because it naturally generalizes the time dependent Lagrangian geometry exposed in [4] .
MultiLagrange spaces
Let us consider T (resp. M ) a "temporal" (resp. "spatial") manifold of dimension p (resp. n), coordinated by (t α ) α=1,p (resp. (x i ) i=1,n ). Let J 1 (T, M ) → T × M be the jet fibre bundle of order one associated to these manifolds [9] . The bundle of configuration
, where α = 1, p and i = 1, n. Note that the terminology used above is justified in [9] .
Remarks. i) Throughout this paper, the indices α, β, γ, . . . run from 1 to p and the indices i, j, k, . . . run from 1 to n.
ii) In the particular case T = R (i. e., the temporal manifold T is the usual time axis represented by the set of real numbers) the coordinates (t
To simplify the notation, we denote E = J 1 (T, M ). Now, let h = (h αβ ) be a fixed pseudo-Riemannian metric on the temporal manifold T . We recall that the 1-jet fibre bundle J 1 (T, M ) → T × M is the natural house for certain new geometrical objects introduced in [9] , [10] and that will be very used in the subsequent theory. We refer to d-tensors, temporal or spatial sprays and the harmonic maps induced by these, the nonlinear connections Γ, the Γ-linear connections and the h-normal Γ-linear connections.
We start our study considering L : E → R a smooth Lagrangian on E which is locally expressed by
where
is a d-tensor on E, simetric, of rank n and having a constant signature on E, is called a Kronecker h-regular Lagrangian or a Kronecker regular Lagrangian with respect to the temporal pseudo-Riemannian metric h = (h αβ ).
In this context, we can introduce the following
, where p = dim T and n = dim M , which consists of the 1-jet fibre bundle attached to the temporal pseudo-Riemannian manifold (T, h) and the spatial manifold M , and a Kronecker h-regular Lagrangian L :
In the particular case (T, h) = (R, δ), a multiLagrange space is called an ordinary Lagrange space.
Remarks. i) The notion of ordinary Lagrange space is not the same with that of Lagrange space, in Miron's sense [4] . In order to remark this fact, we emphasize that, in the classical non-autonomous Lagrangian mechanics [4] , the bundle of configuration
has the geometrical invariance group (gauge group) of the form
Obviously, all objects with geometrical meanings that Miron and Anastasiei introduce in their theory are invariant under this transformation group. On the other hand, in the multiLagrangian mechanics (i. e., (T, h) = (R, δ)), the configuration bundle
is characterized by the gauge group
It is obvious that the gauge group G 2 of the 1-jet bundle of configuration from our study is more general than that used in the classical non-autonomous mechanics G 1 which ignores the temporal reparametrizations. Consequently, all geometrical objects or properties that will be later constructed can be regarded as objects or properties of the classical non-autonomous mechanics, via the reduced gauge group G 1 .
ii) Trying a classification of both the multiLagrangian and non-autonomous Lagrangian mechanics, via the structure of the gauge group which governs every of these mechanics (see Marsden [2] ), we conclude that the multiLagrangian mechanics is a "metrical-parametrized" theory while that of non-autonomous mechanics is a "non metrical-background" one. At the same time, the gauge group G 2 of our theory points out the "relativistic" role played of time while the gauge group G 1 of the classical Lagrangian mechanics emphasizes the "absolute" character of the time.
iii) Note that, in the particular case dim T = 1, where (T, h) is not necessarily the real number set (R, δ), there is a temporal reparametrizationt =t(t) such thath(t) = δ. Consequently, via a temporal reparametrization, we can identify
In other words, a multiLagrangian space having dim T = 1 is a reparametrized ordinary Lagrange space.
Examples. i) Suppose that the spatial manifold M is also endowed with a pseudoRiemannian metric g = (g ij (x)). Then, the Lagrangian L 1 :
is a Kronecker h-regular Lagrangian which is exactly the energy Lagrangian whose extremals are the harmonic maps between the pseudo-Riemannian manifolds (T, h) and (M, g) [1] . Consequently, the pair M L
is also a Kronecker h-regular Lagrangian.
is called the autonomous multiLagrange space of electrodynamics because, in the particular case (T, h) = (R, δ), we recover the classical Lagrangian space of electrodynamics [4] which governs the movement law of a particule placed concomitantly into a gravitational field and an electromagnetic one. From a physical point of view, the pseudo-Riemannian metric h αβ (t) (resp. g ij (x)) represents the gravitational potentials of the space T (resp. M ), the d-tensor U (α) (i) (t, x) models the electromagnetic potentials and F is a function which is called potential function.
iii) More general, if we consider g ij (t, x) a d-tensor field on E, simetric, of rank n and having a constant signature on E, we can define the Kronecker h-regular Lagrangian
is a multiLagrange space which is called the nonautonomous multiLagrange space of electrodynamics. Physically, we remark that the gravitational potentials g ij (t, x) of the spatial manifold M are dependent of the temporal coordinates t γ , emphasizing their dynamic character. An important role and, at the same time, an obstruction in the subsequent development of the multiLagrangian theory, is played by the following
Theorem. (of characterization of the multiLagrange spaces) If we have dim T ≥ 2 then the following statements are equivalent: i) L is a Kronecker h-regular Lagrangian on
ii) The Lagrangian L is of the form of a non-autonomous electrodynamics Lagrangian, that is,
Firstly, we assume that there are two distinct indices α and β in the set {1, . . . , p} such that h αβ = 0. Let k (resp. γ) be an arbitrary element of the set {1, . . . , n} (resp. {1, . . . , n}). Deriving the above relation by x k γ and using the Schwartz theorem, we obtain the equalities
Contracting by h γµ , we deduce that
The assumption h αβ = 0 implies that ∂g ij ∂x k γ = 0 for arbitrary k and γ, that is,
. . , p}. In these conditions, the relations
are true. Now, if we fixe the indice α in the set {1, . . . , p}, we deduce by first relation that the local functions ∂L ∂x i α depend just of the coordinates (t µ , x m , x m α ). Considering β = α an other indice of the set {1, . . . , p}, the second relation implies that
Because the first term of the above equality depends just of the coordinates (t µ , x m , x m α ) while the second term is dependent just of (t µ , x m , x m β ) and α = β, we conclude that
Finally, the relation 1 2
implies without difficulties that the Lagrangian L is a non-autonomous Lagrangian of electrodynamics.
Corollary. The fundamental metrical d-tensor of an arbitrary Kronecker h-regular Lagrangian L is of the form
Remarks. i) It is obvious that the preceding theorem is an obstruction in the development of a fertile multiLagrangian geometry. This obstruction will be removed in a subsequent paper by the introduction of a more general notion, that of generalized multiLagrange space [8] . The generalized multiLagrange geometry is constructed using just a given h-regular
ii) In the case dim T ≥ 2, the above theorem obliges us to continue the study of the multiLagrangian space theory, channeling our attention upon the non-autonomous electrodynamics multiLagrangian spaces.
3 Canonical nonlinear connection of a multiLagrange space
, where dim T = p, dim M = n, be a multiLagrange space whose fundamental metrical d-tensor is
Note that all subsequent entities with geometrical or physical meaning will be directly arised from the fundamental metrical d-tensor
. This fact points out the metrical character (see Marsden [2] ) and the naturalness of the multiLagrangian geometry that we construct. At the same time, the form of the invariance gauge group
of the fibre bundle J 1 (T, M ) → T × M allows us to appreciate the multiLagrange geometry as a "parametrized" theory, in Marsden's sense [2] . Now, assume that the pseudo-Riemannian temporal manifold (T, h) is compact and orientable. In these context, we can define the energy functional of the Lagrangian L, setting
where the smooth map f is locally expressed by (t α ) → (x i (t α )) and x i α = ∂x i ∂t α . The extremals of the energy functional E L verifies the Euler-Lagrange equations Taking into account the Kronecker h-regularity of the Lagrangian L, it is possible to rearrange the Euler-Lagrange equations of L in the form
By a direct calculation, we deduce that the local geometrical entities
verify the following transformation rules
Consequently, the local entities 2G p = 2S p + 2H p + 2J p modify by the transformation laws
Hence, we conclude that the geometrical entity G = (G r ) is a spatial h-spray [9] . Following the geometrical development from the paper [9] , we ascertain that to offer a geometrical interpretation to the equations
via the harmonic map equations of a spatial spray [9] , it is necessary to study if the spatial h-spray G is the h-trace of a spatial spray G.
In order to do this study, we recall that [9] , in the particular case dim T = 1, every spatial h-spray G = (G l ) is the h-trace of a spatial spray, namely G = (G
(1)1 ), where G (l)
(1)1 = h 11 G l . In other words, the equality
(1)1 is true. On the other hand, in the case dim T ≥ 2, the characterization theorem of the Kronecker h-regular Lagrangians enssures us that
In this particular situation, by calculus, the expressions of S l , H l and J l reduce to
where Γ 
∂x i . Consequently, the expression of the spatial h-spray G = (G l ) becomes
It is remarkable that the geometrical object
It follows that T can be written as the h-trace of the d-tensor
It is obvious that this writing is not unique but it is a natural extension of the case dim T = 1.
Finally, we conclude that the spatial h-spray G = (G l ) is the h-trace of the spatial spray
(α)β . Now, we are in the position to enunciate the following Theorem. The extremals of a Kronecker h-regular Lagrangian L on J 1 (T, M ) are harmonic maps [9] of the spray (H, G) defined by the temporal coefficients
and the local spatial components
where the notations used are the previous notations and p = dim T . 
and the spatial components
where [4] . ii) In the case of an autonomous electrodynamics multiLagrange space (i. e., 
(k)j , p = 1
4 Cartan canonical h-normal Γ-linear connection.
Torsions and curvatures
Suppose that J 1 (T, M ) is endowed with a nonlinear connection Γ defined by the temporal coefficients M 
Using the notations [9]
the following decompositions in direct sum are true:
We recall that [10] a linear connection ∇ : X (E) × X (E) → X (E) is called a Γ-linear connection on E iff ∇h T = 0, ∇h M = 0, ∇v = 0, where h T , h M and v are the horizontal and vertical projectors [10] of the above decomposition of X (E).
Moreover, in the adapted basis δ δt α ,
on E is defined by nine local coefficients [10] 
Remark. The transformation rules of the above connection coefficients are completely described in [10] .
Example. If h αβ (resp. g ij ) is a pseudo-Riemannian metric on the temporal (resp. spatial) manifold T (resp. M ), H γ αβ (resp. γ 
Note that a Γ-linear connection ∇ on E, defined by the local coefficients
induces a natural linear connection on the d-tensors set of the jet fibre bundle E = J 1 (T, M ), in the following fashion. Starting with X ∈ X (E) a d-vector field and a d-tensor field D locally expressed by
we introduce the covariant derivative
The local operators " /ε ", " |p " and "| In the previous paper [10] one also studied the effective local d-tensors of torsion T and curvature R, associated to an arbitrary Γ-linear connection ∇ on E. We there prove that the torsion d-tensor is determined by twelve effective local torsion d-tensors, while the curvature d-tensor of ∇ is determined by eighteen local d-tensors. All these d-tensors are detalied expressed in [10] . Now, let h αβ be a fixed pseudo-Riemannian metric on the temporal manifold T , H γ αβ its Christoffel symbols and J = J
(α)βj = h αβ δ i j , the normalization d-tensor [9] attached to the metric h αβ . The big number of torsion and curvature d-tensors which characterize a general Γ-linear connection on E determines us to consider the following [6] Definition. A Γ-linear connection ∇ on E = J 1 (T, M ), defined by the local coefficients Remark. Taking into account the local covariant h T -horizontal " /γ ", h Mhorizontal " |k " and v-vertical "| (γ) (k) " covariant derivatives induced by ∇, the condition ∇J = 0 is equivalent to
In this context, it is proved in [6] the following Theorem. The coefficients of a h-normal Γ-linear connection ∇ verify the identitiesḠ
Remarks. i) The preceding theorem implies that a h-normal Γ-linear on E is determined just by four effective coefficients
ii) In the particular case (T, H) = (R, δ), a δ-normal Γ-linear connection identifies to the notion of N -linear connection used in the classical Lagrangian geometry [4] . 
Remark. For the Berwald Γ 0 -linear connection associated to the metrics h αβ and g ij , all torsion d-tensors vanish, except
where H γ µαβ (resp. r m ijl ) are the curvature tensors of the metric h αβ (resp. g ij ).
The number of the effective curvature d-tensors of a h-normal Γ-linear connection ∇ reduces from eighteen [10] to seven. The local d-tensors of the curvature d-tensor R of ∇ are represented in the table [6] 
Remark. In the case of the Berwald Γ 0 -linear connection associated to the metric pair (h αβ , g ij ), all curvature d-tensors vanish, except H 
(α)j ) be the canonical nonlinear connection of the multiLagrange space M L n p . The main theorem of this paper is the theorem of existence of the Cartan canonical h-normal linear connection CΓ which allow the subsequent development of the multiLagrangian theory of physical fields [7] .
Theorem. (of existence and uniqueness of Cartan canonical connection) On the multiLagrange space
having the properties 
By calculus, one easily verifies that CΓ satisfies the conditions i and ii.
) a h-normal Γ-linear connection which satisfies i and ii. It follows directly that
The condition g ij|k = 0 is equivalent with
Applying a Christoffel process to the indices {i, j, k}, we find
By analogy, using the relations
(k) = 0, following a Christoffel process applied to the indices {i, j, k}, we obtaiñ
In conclusion, the uniqueness of the Cartan canonical connection CΓ is clear. Remarks. i) Replacing the canonical nonlinear connection Γ by a general one, the previous theorem holds good.
ii) In the particular case (T, h) = (R, δ), the Cartan canonical δ-normal Γ-linear connection of the ordinary Lagrange space OL n = (J 1 (R, M ), L) reduces to the Cartan canonical connection of the Lagrange space L n = (M, L), constructed in [4] . iii) As a rule, the Cartan canonical connection of a multiLagrange space M L n p verifies also the properties
(k) = 0 and g ij/γ = 0. iv) Using preceding notations, it is easy to show that, in the case dim T ≥ 2, the coefficients of the Cartan connection of a multiLagrange space reduce tō
v) Particularly, the coefficients of the Cartan connection of an autonomous multiLagrange space of electrodynamics (i. e., g ij (t γ , x k , x k γ ) = g ij (x k )) are the same with those of the Berwald connection, namely, CΓ = (H γ αβ , 0, γ i jk , 0). Note that the Cartan connection is a Γ-linear connection, where Γ is the canonical nonlinear connection of the multiLagrangian space while the Berwald connection is a Γ 0 -liear connection, Γ 0 being the canonical nonlinear connection associated to the metric pair (h αβ , g ij ). Consequently, the Cartan and Berwald connections are distinct.
The torsion d-tensor T of the Cartan canonical connection of a multiLagrange space is determined by the local components
where, i) for p = dim T = 1 we have Following the calculations [6, 10] , the curvature d-tensor R of the Cartan canonical connection is determined by the local components 
Conclusion
The geometry of the multiLagrange spaces is very important because, on the one hand, it allows us to construct a multiLagrangian theory of physical fields [7] , [8] which generalizes the classical Lagrangian theory [4] . On the other hand, the multiLagrange geometry will be used to offer a beautiful geometrical interpretation of solutions of PDEs of order one. In other words, every such solution of C 2 class will be regarded as certain multiLagrangian harmonic map [9] , [15] . In this fashion, we will allow to give a final solution to the open problem Udrişte-Neagu, developped in [5] , [12] , [14] , which naturally generalizes the well known open problem of Poincaré-Sasaki consisting in the finding of a geometrical structure on a manifold M such that the orbits of an arbitrary vector field X should be geodesics [11] . More details upon these open problems can be found in [5] , [12] . The essential physical aspects of the Udrişte-Neagu open problem are pointed out in [13] using the important notion of potential map.
